FONTAINE'S PROPERTY (P,„) 
AT THE MAXIMAL RAMIFICATION BREAK 

TAKASHI SUZUKI AND MANABU YOSHIDA 

o 

^ ' Abstract. We completely determine which extension of local fields satisfies 

^ ' Fontaine's property (Pm) for a given real number m. 



1. Introduction 

' Let if be a complete discrete valuation field with perfect residue field k. All 

I algebraic extensions of K are taken inside a fixed algebraic closure of K . We 

denote by vk the normalized valuation of K and its extension to any algebraic 
extension of K. For an algebraic extension E / K and a non- negative real number 
. m, we denote by Oe the ring of integers of E and by a^/^ the set of elements 

X e Oe with vk{x) > m. In Fontaine gave upper bounds for ramification 
of Galois representations of K appearing in the generic fibers of finite flat group 
schemes over Ok- For this, he considered the following property (Pm) for a finite 
^ ' Galois extension L/K for each non- negative real number m: 

■ (Pjn) If E is an algebraic extension of K and if there exists an C^f -algebra ho- 

I momorphism Ol Oe/cCe/k^ then L C E. 

I By results of Fontaine ([21 Proposition 1.5]) and the second author ([9, Theorem 

psj ■ 5.2]), every finite Galois extension L/K satisfies (Pm) for m > w^/k and does not 

satisfy (Pm) for w < ul/k^ where u^/k is the maximal upper ramification break 
for L/K (see Notation below for the definition). For m = ue/k, is easy to see 
that trivial L/K satisfies (Pm) and non-trivial tame L/K does not satisfy (Pm)- 
Here we call L/K tame if w^/x ^ 1 and wild if w^y^^ > 1. 
I In this paper, we determine which wild L/K satisfies (Pm) for m — w^/x- The 

5_j ■ result is the following, which shows that the answer to the question depends (only) 

on the residue field of K. 

Theorem 1.1. Let K be a complete discrete valuation field with perfect residue 
field k of characteristic p > and let L be a finite wild Galois extension of K . 
Then L/K satisfies (Pm) for m ~ Uj^^k if ^.i^d, only if any finite extension of k has 
no Galois extension of degree p. 

Even if there exists a finite extension of k having a Galois extension of degree 
p (for example, if k is finite), the extension L/K still satisfies a property that is 
weaker than (Pm) (see Remark . 
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The proof consists of four parts. In section [21 we reduce the theorem to the case 
where L/ K has only one jump in the ramification filtration of its Galois group. In 
this case, L/ K is an abelian extension. In section[31 we reduce the theorem so that 
we need only totally ramified E / K for the extensions appearing in the definition of 
(Pm). In section m we prove some facts on the local class field theory of Serre and 
Hazewinkel ([6], [1]). In section [SJ we prove the theorem for the reduced case by 
using the local class field theory of Serre and Hazewinkel. Note that this technique 
works for more general abelian cases; see Remark 15.41 

Acknowledgement. The authors would like to express their sincere gratitude to 
Professor Kato and Professor Taguchi for having helpful discussions. They would 
also like to thank to Preston Wake for reading a draft of the paper and giving 
comments on it. 

Notation. For a complete discrete valuation field K with perfect residue field k, 
we denote by vk the discrete valuation with vk{K^) = Z, by Ok the ring of 
integers, by pK the maximal ideal, by Uk the group of units, and by the group 
of n-th principal units (n > 0). All algebraic extensions of K are taken inside a 
fixed algebraic closure K of K. We denote by K^''^ (c K) the separable closure 
of K, by if""" the maximal unramified extension of K and by K'^^ the maximal 
abelian extension of K. The same notation and convention are applied to k. The 
absolute Galois group Gal{K^'^P/K) (resp. Gal(fc/fc)) is denoted by Gk (resp. Gk). 
We extend vk to K. Note that vk{K^ ) = Q D Z. For an algebraic extension 
E/K, we denote by the ring of integers, by E the completion of E, and by 
eE/K the ramification index of E/K. We define cC^^j^ — {x & Oe \ vk{x) > m} 
for a non-negative real number m. If E/K is totally ramified, an extension of the 
form EK' /K' for an unramified extension K' /K will be called an unramified base 
change of E/K. For a finite Galois extension L/K, let Gs\{L / K)i, Ga.\{L/KY 
(resp. fL/Kj ''Pl/k) be the ramification groups (resp. the Herbrand functions) that 
are studied in [7|. Also, let Gal(L/ii')(i), Gal{L/K)'^"^ (resp. ifL/K, '4'l/k) be the 
ramification groups (resp. the Herbrand functions) that are defined in [2 . Their 
relations are as follows: for real numbers i,u> —1, we have 

Gal(L/i^), = Gal(L/if)((,+i)/,^^^), Gal(L/if)" = Gal(L/X)("+i), 

fL/Kii) = 'fL/K{{i + ^)/eL/K) - 1, IpL/Kiu) = eL/K'4'L/K{u + f ) - f . 

We define the maximal upper ramification break for L/K to be the maximal real 
number uj^/x with non-trivial G&\{L/ K)''^^/'^\ Set il/k = ''Pl/kWl/k)] it is the 
maximal real number with non-trivial G&\{L / K)(^.i^^ 

2. Reduction to abelian L/K 

The following proposition allows us to reduce the proof of Theorem 11.11 to the 
case where L/K has only one jump in the ramification filtration of its Galois group. 

Proposition 2.1. Let L/K he a finite Galois extension of complete discrete valu- 
ation fields with perfect residue fields. Let M he the Gal{L / K)^^'^ '^^ -fixed suhfield 
of L. Then L/K satisfies (Pm) for m = Ui^/x */ f^^d only if L/M satisfies (Pm) 
form = Ul/m- 

Note that any finite extension of the residue field of K has no Galois extension 
of degree p if and only if the same holds for M, since the maximal pvop quotient of 
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the absolute Galois group of a field of characteristic p is pro-p free (|8l Chapter 2, 
§2.2, Corollary 1]). Hence Proposition l2 . 1 1 allows us to reduce the proof of Theorem 
Ofor L/K to that for L/M. 

The proposition is a direct consequence of the following lemma. 

Lemma 2.2. Let K , L, M he as in Proposition \2. li Let E be an algebraic extension 
of K . Then the following are equivalent: 

(1) There exists an Ok -algebra homomorphism Ol ^s/fl^/'^- 

(2) The field M is contained in E and there exists an Om -algebra homomor- 



unramified is trivial, so we assume L/K is not unramified. By assumption, there 
exists an O^-algebra homomorphism ry: — Oe/o,^!^ . Consider the composite 
of the inclusion Om ^ Ol and rj. Since u^/x > Um/k^ the extension M/K 
satisfies (?,„) for m — uj^jk. Hence M is contained in E. 

Next we show the existence of an ©M-algebra homomorphism Oi — > OeI^^im ■ 
Let a be a generator of Oh as an C^-algebra, let / be the minimal polyno- 
mial of a over K, and let /3 be a lift of 77(0:) G Oe/<^e/k ^'^ We have 
> ul/k by the well-definedness of 77. By [21 the second proposition 
of §1.3], we have V'L/ifCfif (/(/?))) = vk{13 — cr{a)) for some a G Gal{L/K). 
Hence we have u_fs-(/3 — <j{a)) > 'iPl/k{ul/k) — ^l/k- Since Gal(L/M)(i) — 
Gal(L/K)(,/e„/^.) n Gal(L/M) for i > and Gal(L/Af) = Gal(L/ii')(,^^^), we 
have iL/M = eM/Kih/K- Hence um(/3 - <j{a)) > eM/KiL/K = ib/M- Thus we have 
VM{g{P)) > ue/m by [2I loc. cit.], where g is the minimal polynomial of cr(a) over 
M. Since Ol = C'x[o'(q!)] = C'j\/[(t(q!)], we can define an OM-algebra homomor- 
phism Ol OeI^eIk sending cr(a) to /3. This proves ([T]) =^ ([2]). 

© =^ ©• By assumption, there exists an ©M-algebra homomorphism 
77: Ol OeI^eIm ■ a be a generator of Ol as an Oif-algebra, let g be the 
minimal polynomial of ol over M, and let /3 be a lift of r/(a) G Oe/o'j^/m to Cij. We 

have VM{g{P)) > ul/m by the well-definedness of ry. We have V'l/m(i'm(3 (/?))) = 
i'm(/3 — o-{oi)) for some cr G Gal(L/M) by 12 loc. cit.]. Hence vm{(3 — cr(a)) > 
'4>l/m{ul/m) = iL/M- Using the equality iL/M = eM/xh/K obtained above, we 
have Wif (/3 — cr(a)) > iL/K- Thus we have w_fs-(/(/3)) > u^/j^ by [2, loc. cit.], where 
/ is the minimal polynomial of a over K. Thus we can define an (!?i<--algebra 
homomorphism Ol — ?> OeI^e/k sending a to /?. This proves ^ ([T]). □ 



In this section, we reduce the proof of Theorem ll.ll to the case that the extensions 
E / K appearing in the definition of (Pm) are totally ramified. To be more precise, 
we consider the following property (P^): 
(P^'j) If is a totally ramified algebraic extension of L<l and if there exists an 
Oif-algebra homomorphism Ol — >■ Oe/^'e/k^ then L C E. 

Proposition 3.1. Let K be a complete discrete valuation field with perfect residue 
field k, let L be a finite Galois totally ramified extension of K and let m be a non- 
negative real number. Then L/K satisfies (Pm) o.nd only if any finite unramified 
base change L' / K' of L/K satisfies (Pm)- 



Proof (P) 




3. Reduction to totally ramified E/K 
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Proof. First wc assume that any finite unramified base change L' /K' oi L/K satis- 
fies (P^) and show that L/K satisfies (Pm)- Suppose E / K \s an algebraic extension 
and there exists an O^-algebra honiomorphism r]: Ol ^ OE/cCJ^/jf- We may as- 
sume E/K is finite. Let K' = EnK""' and set L' = LK' . Let 77' : Ol' -> Oe/o^/k' 
be the base change of rj by Ok'- By assumption, we have L' C E. Hence L C E. 
This shows that L/K satisfies (Pm)- 

Next we assume that L/K satisfies (Pm) and show that any finite unramified base 
change L'/K' of L/K satisfies (Pm)- Suppose E/K' is a totally ramified algebraic 
extension and there exists an C/f -algebra homomorphism 77': Ol' — > Oe/o-^jj^,- 
Consider the composite of the inclusion Ol ^ Ol' and rj' . By assumption, (Pm) is 
true for L/K. Hence LdE. Thus L' = LK' C E. This shows that L'/K' satisfies 

4. Preliminary results on the local class field theory of Serre and 

Hazewinkel 

In this section, we provide some preliminary results on the local class field theory 
of Serre and Hazewinkel ([B], [1] Appendice]). We work on the site (Perf/A;)tpqc of 
perfect schemes over a perfect field k with the fpqc topology (compare with [4j 
Chapter HI, §0, "Duality for unipotent perfect group schemes"]). The category of 
sheaves of abelian groups on (Perf /fc)fpqc contains both the category of commutative 
affine pro(-quasi)-algebraic groups over k in the sense of Serre ([S]) and the category 
of commutative etale group schemes over k as thick abelian full subcategories. For 
i > 0, we denote by Ext^ the z-th ext functor on the category of sheaves of abelian 
groups on (Perf//c)fpqc. For a sheaf A of abelian groups on (Perf/fc)fpqc and a 
non- negative integer i, we define the i-ih homotopy group tt^{A) of A to be the 
Pontryagin dual of the injective limit of the torsion abelian groups Ext^(^, n^^'L/'L) 
for n>\. The system {tt^ }i>o is a covariant homological functor from the category 
of sheaves of abelian groups on (Perf/A;)tpqc to the category of profinite abelian 
groups. 

First we extend the local class field theory of Serre and Hazewinkel in a canonical 
way for abelian extensions with unramified part (Proposition l4. 1 I below) . Let K he a, 
complete discrete valuation field with perfect residue field k and let Ok be its ring of 
integers. We define a sheaf of rings on (Perf/fc)fpqc as follows. For each perfect 
/c-algebra i?, we set Ok{R) = W{R) <S)w{k) Ok if K has mixed characteristic, and 
Ok{R) = R'S)k Ok if K has equal characteristic, where W is the sheaf of the rings 
of Witt vectors of infinite length and Cg) denotes the completed tensor product. 
Let K be the sheaf of rings on (Perf/fc)fpqc with K{R) = O/f (i?)[(l (g) ttk)'^], 
where ttk is a prime element of Ok - This is independent of the choice of ttk - We 
set \Jk = O^. For each n > 0, the sheaf of rings Ok has a subsheaf of ideals 
with p^'(i?) = O/f (i?) C^Ok Pk fo'" * perfect /c-algebra R. The presentation 
Ok = proj lim„^j^ Oif/p^ gives an affine proalgebraic ring structure for Ok- 
Likewise, \Jk has a subsheaf of groups = 1 + p^ for each n > 1 (for n — 0, 
we set \J% = \Jk)- The presentation IJk = pi'oj hm„_j.g^ Ui^/U^ gives an affine 
proalgebraic group structure for Ui^ . We have a split exact sequence — >■ — > 

For a finite extension L/K with residue extension k'/k, we can define sheaves 
Oi^fe, Lfc, Ui^fe and U^^. on (Perf/fc)fpqc and sheaves Ol,*;', Lfc/, \JL,k' and 
U£ on (Perf/fc')fpqc in similar ways. For example, in the mixed case, we define 
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OL,k{R) = W{R)(S>w{k)OL for a perfect A;- algebra i? and 0'^j^,{R') = W{R')®w{k') 
Ol for a perfect /c'-algebra R' , etc. When L/K is totally ramified, we can omit the 
subscript k (= k') without ambiguity. 

Proposition 4.1. There exists a canonical isomorphism 7rf(K^) — )■ and a 

commutative diagram with exact rows 

> Ai^K) > 7r*^(K><) > ir'liZ) > 

(1) j' I' I 

> TiK^'^/K) > > Gf > 0. 

Here G^ (resp. G'^) is the Galois group of the maximal abelian extension K^^ / K 
(resp. k'^^/k) and T denotes the inertia group. The left vertical isomorphism is 
the reciprocity map of the local class field theory of Hazewinkel (\\ , Appendice, 
§7.3]/ The right vertical isomorphism is dual to the isomorphism i?^(Gfc,Q/Z) = 
Exti(Z,Q/Z). 

The proof below requires a lemma on calculation of Tate cohomology. Let G be 
a finite group and let A be a sheaf of G-modules on (Perf/fc)fpqc. For a perfect 
fc-algebra R, let {G^{G, A{R))}i^z be the standard complete resolution of the G- 
module A{R). The functor C*(G, A): Ri-^ G^{G, A{R)) is a sheaf of abelian groups 
on (Perf/fc)fpqc, which is isomorphic to a finite product of copies of A. We define the 
i-ih Tate cohomology sheaf of G with values in A, denoted by H^{G, A), to be the 
i-th cohomology of the complex {G*(G, The sheaf H^{G,A) is associated 

with the presheaf R^ W{G,A{R)) of Tate cohomology groups. 

Let L/K be a finite Galois extension with residue extension fc'/fc and set G ~ 
Ga\{L/K), Q = Gal(fc7fc) and Ta T[L n K'^'^/K). We regard these groups as 
constant groups over k. Let Z[g] be the group ring regarded as an etale group 
over k. Let Iq (resp. /g) be the augmentation ideal of Z[G] (resp. Z[g]). We 
set Nq = X^o-eG^ ^ Z[G]. The sheaves Ui^fc, are sheaves of G-modules on 
(Perf/fc)fpqc. 

Lemma 4.2. The Tate cohomology sheaf H^{G,li^) vanishes for all i E 1j. 

Proof. First we show that the sheaf H^{G, L^ ) is represented by an affine scheme. 
The groups VL,k, and Z[g] are the Weil restrictions of 11^^^/, L^, and Z, respec- 
tively, from k' to k. Thus we have an exact sequence 'UL,k — > L^ — Z[g] 0. 
This short exact sequence gives a long exact sequence 

>H'-\G,Z[2]) WiG,VL,k) ^ H\G,L'k) ^ H\G,Z[q]) 

and a short exact sequence 

Coker(d,_i) -> W{G,L^) -> Ker(d,) -J> 0, 

where di is the coboundary map. The group H^{G,\J L,k) is affine since Ul^A: is 
afl[ine. The group if*(G, Z[g]) is etale since Z[g] is etale. Moreover, the etale group 
J/'(G, Z[g]) is finite since G is finite and Z[g] is finitely generated over Z (O Chap. 
VIII, §2, Cor. 2]). Hence iJ'(G,Z[0]) is affine. Thus Coker(d,_i) and Kcr(d,) are 
affine. Therefore iJ*(G,L^) is affine. 

Thus, to show the vanishing of -ff '(G,L^), it is enough to show the vanishing of 
the group of its i-points. We have i7*(G, )(fc) = i/*(G,L^(fc)) = H'{G,{K'''(g>K 
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L)""). By L7, Chap. XIII, §5, Exercise 2, a)], we have H'{G,{K''' ®k L^) = 0. 
This completes the proof of the lemma. □ 

Proof of Proposition \4-l\ First we construct a homomorphism 7r2(K^ ) — > GaXlL/K)^"" 
for each finite Galois extension L/K . We keep the above notation for the exten- 
sion L/K. Let \JL,k'/k be the kernel of the composite of the map — )■ Z[g] 
defined in the proof of Lemma [4.21 and the augmentation map Z[0] — > Z. We have 



an exact sequence '^L,k'/k 
= H-\G,Z)^H°{G,VL,k'/k) 



0. Using Lemma 14.21 we have 



k'/k- 



Hence N, 



G 



is surjective. Similarly we have = i?"^(G,Z) ^ H~^{G,\JL,k'/k)- The group 

H^^{G, XJl^ k' /k) is the quotient of the kernel of the norm map Nq ■ ^l, k' jk ^ 

by the product IgIJ /j. of the ideal Iq and the G-module U^^ fe/ /fc. Thus we have 

an exact sequence G^^ ^L.k'/k/Ic'^L.k'/k ~? and hence an ex- 

act sequence — >■ G^^ — > /lG'^L,k'/k — ^ 0. The resulting long exact 
sequence of homotopy groups gives a homomorphism Tr'[(K^) TrQ{G^^) = G^^. 
Next we show that the homomorphism 7rj|^(K^) — > G^^ — Gal{L/K)^^ and its 



limit 7rj'(K^) — > G^ satisfy the required properties. The map -*> Z[0] gives a 



surjection 



k'/k 



Ig and hence a surjection /qU^^ 



k'/k 



II- 



Therefore we have 



a following commutative diagram with exact rows and columns: 




> Ta 



(2) 



-¥ G 



ab 



-> 9 



ab 



\JL,k/(VL,knlGVL,k'/k) 



~i^k I L,k' /k 



-> Uk > 



^ 



z 









By the resulting long exact sequences of homotopy groups and by passage to 
the limit, we get the required commutative diagram ([T]). The map 7Ti{JJk) 
T{K^^ / K) coincides with the reciprocity map of the local class field theory of 
Hazewinkel. Hence it is isomorphism. Also the map 7rj^(Z) Gf^ is an isomor- 
phism. Thus the map ttiCK^) — > G|^ is an isomorphism as well. □ 



In the rest of this section, we prove some lemmas needed for the next section. 

Lemma 4.3. Let E / K he a finite extension with residue extension k'/k and let 
he the norm map. Then we have 'K^{K.eT:{NE/K)) — Gal(_B H 



N 



E/K 



E 



K'-^'^/K). 

Proof. First we reduce to the case where E/K is separable. Let F be the separable 
closure of K in E. Then E = F{-k]I'^) for a prime ttf of Of and q = \E : F\. Since q 
is ap-power and N^/f is the g-th power map, the map N^/f gives an isomorphism 



FONTAINE'S PROPERTY (P„) AT THE MAXIMAL RAMIFICATION BREAK 7 

H> and hence an isomorphism Ker{NE/K) ^S:r{Np/j(). Thus we may 
assume E/K is separable. 

Next we reduce to the case where E/K is Galois. Take a finite Galois extension E 
of iir containing _B. Themap A^jj.^^ gives an isomorphism Ker(A^^y^)/ Ker(iV^^^) ^ 
KeviNE/K)- Hence we have 4(Ker(7V^/^))/4(Ker(iV^/^)) ^ 4(Ker(iVs/^)). 
On the other hand, we have Gal{EnK''^ /K)/ Gal{Er\E''^ / E) = GaA{EnK''^ / K). 
Comparing them, it follows that we may assume E/K is Galois. 

We show the lemma for Galois E/K. The short exact sequence — > Ker(A^£; — > 
^ ^ gives a long exact sequence 

. . . ^ 7r^(E,-) ^ 4-(KX) ^ 4(Ker(iV^/K)) ^(E,-) ^ ^(KX) ^ 0. 

Since E^ is the Weil restriction of E^, from k' tok, we know that 7rf (E^ ) = Trf (E^, ) 
for i > 0. The map tti(E^) — > tt'KK'^') can be translated into the restriction map 
Gf ^ GfJ" by Proposition O The map 7r§(E^) ^ 7r§(KX) can be translated 
into the identity map Z Z. Hence we have TT^(KeT{NE/K)) = Gal(£' n K'^^/K) 
as required. □ 

For the next two lemmas, let L/ K be a finite wild Galois extension with a unique 
jump in the ramification filtration of its Galois group. Then L/K is a totally 
ramified abelian extension whose Galois group is killed by p. Set m = u^/j^ > 1 
and G — Ga\{L / K) . Then m is an integer by the Hasse-Arf theorem. We write 

Lemma 4.4. Let L/K, m, G, ip be as above. Let Ni^/^'- — > \J k be the 
norm map and Nl/k- Ul/U^*" ^ U^^/U™ be its quotient. Then we have 

Proof. We have iV^/^^ (U^('""^^+^) = U™ by [7, Chap. V, §6, Cor. 3]. Thus we 
haveKer(iVl7^) = Ker(iVi/;^)/ Ker(iVi/^)nUt^"-^'+\ Hence 4^(Ker(iVZ7^)) = 
7r§(Ker(Afi/K))/7r§(Ker(7VL/;f)nU^^'""^'+^) by the right exactness of Trg. For the 
numerator, we have ttq (Ker(A'^/^/;f )) = G by Lemma 14.31 For the denominator, we 
show that the image of ttq (Ker(iVi/x) ^ U^^™~^^^^) in G is zero. We have 




Ker(7Vi/,^)nUf "-^)+^ ^ -/^- 



by [71 Chap. V, §6, Prop. 9]. From our assumption on L/K, we have G™ ^ = G 
and G™ = 0. Taking ttq, we have 

4(Ker(7Vi/^)nUt("-\^^_ 



4(Ker(7V^/^)nUt(" 



But since 4(Ker(A^i/;f ) n " = G by H §3.5, Prop. 8, (ii)], the image of 
7r§(Ker(A^L/K) n u^('"-i)+i) in G is zero. Thus we have 4(Ker(]vZ7^)) ^ G, as 
desired. □ 
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Lemma 4.5. Let L/ K , m, G and ip be as above. Then we have canonical isomor- 
phisms 

Moreover, if k' is a finite extension of k and K' (resp. L' ) is the corresponding 
unramified base change of K (resp. L), then the following diagram commutes: 

K>^INl,kL^ = UT'/U^SNL/KUt^"'"^^ = Hom(Gfc,G) 

K'-INl./k'L''' U^Kr^/U^,NL,/K'Ut^-^^ Hom(Gfc,,G), 

where the vertical arrows are induced by the inclusions ^ K'^ , U^^^ ^ Uk~^ 
and Gk' ^ Gk • 

Proof. The inclusion induces an isomor phism from [/^"VC/^Wi/;fi7^^""^' to 
/Nl/kL^ by [II Chap. V, §6, Cor. 2] with a similar argument to [7, Chap. 
V, §3, Cor. 7]. By the assumption on L/K, the sequence 

^ G ^ U^(™-i)/U^(m-i)+i u™-i/u™ 

is an exact sequence of sheaves on (Perf/fc)fpqc by §3.4, Prop. 6]. Since U^^'"~^Vu^ 
is isomorphic to the additive group, we have iJ-^(Gfc, U^^™~^^/U^^™~"^^'''^) = 0. 
Thus the resulting long exact sequence of Galois cohomology of k gives an an iso- 
morphism from Uk^'^ /U^NL/KUt^"'"'^^ to Hom(Gfe,G). The commutativity of 
the diagram is obvious. □ 

5. The reduced case 

Throughout this section, let K he a, complete discrete valuation field with perfect 
residue field k of characteristic p > and let L be a wild Galois extension of K 
with a unique jump in the ramification filtration of its Galois group. Then the 
extension L/K is a, totally ramified abelian extension whose Galois group is killed 
by p. We put G :— Ga\{L/K) and m := ml/k > 1. By the Hasse-Arf theorem, m 
is an integer. 

The following proposition, combined with Propositions 12 . Il and 13. ll proves The- 
orem 11.11 

Proposition 5.1. Let L/K, G, m be as above. 

(1) Lf L/K satisfies (Pm); then k has no Galois extension of degree p. 

(2) Lf E is a totally ramified algebraic extension of K and if there exists an Ox- 
algebra homomorphism Ol ^E/^jj^y then there exists an unramified 
Galois extension K' / K with Galois group isomorphic to a subgroup of G 
such that L C EK' . 

Proof. ([1]). Assume L/K satisfies (P^)- Since G = Gal{L/K) is a non-trivial 
abelian group killed by p, to show that k has no Galois extension of degree p, 
it is enough to prove that Hom(Gfc,G) — 0, which is equivalent to showing that 

NL/xUt'''"^'^'^^ = U^'-^ by Lemma m Take u e U'^-\ Let f{x) = x" + 
Oe-ix'^^^ + ■■•-!- aix -\- ao be the minimal polynomial of a prime element ttl of Ol- 
Then the polynomial x"^ + ae-ix'^~^ -I- • • • -I- aix + uao € Cic[a;] is an Eisenstein 
polynomial. Let tte be a root of this polynomial such that the function vk{t^e — 
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(Tttl) for (7 E G takes the maximum at ct = 1. Set E — K{tte)- Then we have a weU- 
defined O^-algebra homomorphism Ol — > Os/a^E/K ^^^^ sends ttl to tte, since 
VKifiT^s)) = VK{{u — l)ao) > m. Since L/K satisfies (P|^) by assumption, we have 
L (Z E, which is actually an equality: L = E. Since ttl and tte are both prime in 
Ol ~ Oe, their ratio u' := tte/t^l '^s m Ul — Ue- By O the second proposition of 
§1.3], we have i'L/K{vK{I{T^E))) = ukIttb - ttl) = [vl[u' - l) + l)/eL/K- Thus we 
hsye ve{u' — 1) > eL/xi^L/j^{m) — \ — tpLj i^{m—\). Hence u' G t/^^'^''™ Also 

we have N^/xu' = Nl/kt^e/Nlixt^l ~ uao/ao = u. Hence A'^L/zf C^l^'^^™ = 
C/™-\ This proves ©. 

([2]). Let i? be a totally ramified algebraic extension of K such that there exists 
an Oif-algebra homomorphism ly. Ol ^s/a^/ic We may assume E/K is finite. 
We regard OE/a^/x Oi-module via 77. By Lemma [5?^ below, we know that 

Oe/o.^^j^ is finite free over 0^/0™^^. Hence we get the corresponding norm map 

from (OB/a™/^)x - Ue/U"^'^'" to (Oi/a™/^)^ - UlIuI''^'" . The map iV, 
can be extended to a morphism Ub/U^'^^^^ — > Ul/U™"^^^^ of sheaves of abelian 
groups on (Perf//c)tpqc. By the transitivity of norm, we have Nl/k ° — Ne/k^ 
where 1^: Vl/VZ^'" ^ U^/U^ (resp. W^: Uij/U^'^^^ ^ Ua'/U^) is 
the map induced by the norm map Nl/k for the finite extension L/K (resp. Ne/k 
for E/K). Since mcL/K ^ ''pL/Ki'm- ^ 1) + Ij the map Nl/k factors through the 
canonical projection Ul/U™'^^^^ Ui/U^^^^^™ ^^'^^ . By abuse of notation, we 
write NlJ^ for the map u^/u^^'/'^("-i)+i _^ U/^/U'^. 

We show that there exists an unramified Galois extension K'/K with Galois 
group isomorphic to a subgroup of G such that the following holds: Let k' be the 
residue field of K' and let L' = LK' , E' = EK' and Nj^i be the unramified base 
changes by K'/K. Then we can extend iV^,,' to an morphism Njj' so as to obtain 
the following commutative diagram with exact rows of sheaves of abelian groups 
on (Perf/fc')fpqc: 



Ker{NE>/K') 



E' 



K' 



N 



E' / K' 



Ker(iVi,/i^') ' L'VUI- 



^L/K(rn-l) + l "l'/k' 



> K'^/U™, 







0. 



The construction of iV^/ is as follows. Take a prime element tte of Oe- By the 
isomorphism of Lemma 14.51 Ne/k'^e defines a homomorphism x- Gk — > G. Let 
k' correspond to Ker(x) via Galois theory. Let K' , L' , E' , N^' be the corre- 
sponding unramified base changes. The restriction x\Gy '■ Gk' — >■ G is a trivial 
character. Hence the image of Ne/kt^e in K'^ /Nl'/k'L'^ is trivial by Lemma 
14.51 Thus Ne/kt^e can be written as Nl'/k'T^L' for some prime ttl' of Ol'- We 
define N^i'TTe ■— t^l'- Then the commutativity of the right square follows from 
the equality Nl/k ° N.q — Ne/k as a map from Ub to Uk/U^ and the equality 
Ne'/k'T^e = Nl'/k'T^L'- 
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The above diagram and the resulting long exact sequences of homotopy groups 
give the following commutative diagram: 

^f'(K'x) > TTl'{Kei{NE'/K')) 

^fc'(K'x/u™ ) , 4'{KeT{NL'/K'))- 

By Proposition |4?l] Lemma 14.31 and Lemma |4.4[ we can translate this diagram into 

> Geil{E' nK'^'^/K') 

G'K'/iGi^'T > G = G'aI{L'/K'). 

The horizontal arrows are restriction maps. The commutativity of this diagram 
shows that L' C E' f] K""^. Thus L C E' = EK' . This proves □ 

Lemma 5.2. The OL-module Oe/<^^^j^ is killed by a™/^^ and is finite free over 

Proof. (For another proof, see |31 Lem. 2.1].) Put n ^ [L : K] ^ ei^^x a-nd 
T — Oe/o^/j^- Let ttk be a prime element of Ok: let tt^ be a prime element of 
Ol and let fi g Oe be a hft of ri{'KL) S Oe/oJ^/k- Since u — tx^U'Ek is a unit, 
ri(u) is a unit in OeI^ik- Since /3" = r]{u)TTK in Oe/o^^k ^^'^ 1, we have 

= wkIttk) = 1. Hence vk{I3) = l/n. Thus tt^"" kills T = OL/a'^/K- 
an arbitrary element ^ £ Oe that is a lift of an element of the Tr^-torsion part 
T[kl\ of r, we have VK{P"f) > Hence w/f (7) > m — l/n = (/3"™~^). Hence 
7 e /3"'"-iOi5. Thus TIttl] = 7r2'""^r. Applying the structure theorem of modules 
over a principal ideal domain, we get the result. □ 

Remark 5.3. One can use Propositions 12 . II and 13 . II to get a generalization of asser- 
tion (21) of Proposition [O] for a finite wild Galois extension L/K. The result is the 
following. If E is an algebraic extension of K and if there exists an Oi^-algebra ho- 
momorphism Ol ^e/o-^/x ^^r m — u^^xi then the Gal(L/if)(™)-fixed subfield 
M of L is contained in E, and there exists a finite unramified subextension M' /M 
oi E/M and an unramified Galois extension M" /M' with Gal(M"/M') isomorphic 
to a subgroup of G&\{L/K)^"^^ such that L C EM". 

Remark 5.4. The local class field theory of Serre and Hazewinkel is useful not only 
for the reduced case but for more general abelian cases. We illustrate it with a 
simplified proof of the following part of Theorem 11.11 if i^T is a complete discrete 
valuation field with algebraically closed residue field k and L is a finite wild abelian 
extension of K, then L/K satisfies (Pm) for m = u^jx- 

The proof is given as follows. Let i5 be a finite extension of K and suppose there 
exists an -algebra homomorphism rj: Ol ~^ ^e/oJ^/x- Lemma [57^ is still valid 
for this situation. Thus we have a norm map iV^ : U^j/U^'^^^'^ Ul/U™*^^^^ 
relative to rj. We have the following commutative diagram with exact rows of 



Gab 
K' 
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proalgcbraic groups over k: 
> Kei{NE/K) > > Vk > 



, Ker(N^) > ^^/^^.^.(m-i)+i ^^^^^^ ^ ^ 

The resulting long exact sequences of homotopy groups gives a commutative dia- 
gram 

Res 

ttUVk/V']}) = Gf /(Gf )™ Gal(L/i^) ^ 4(Ker(7vI7^)). 

Here we used Lemmas 14.31 and 1 4.41 which are still valid for this situation. Therefore 
L C En K'^^ C E. Hence L/K satisfies (Pm) for m = Ul/k- 
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